We compute supersymmetry algebra (superalgebra) in supersymmetric YangMills theories (SYM) consisting of a vector multiplet including fermionic contribution in six dimensions. We show that the contribution of fermion is given by boundary terms. From six dimensional results we determine superalgebras of five and four dimensional SYM by dimensional reduction. In five dimensional superalgebra the Kaluza-Klein momentum and the instanton particle charge are not the same but algebraically indistinguishable. We also extend this calculation including a hyper multiplet and for maximally SYM. We derive extended supersymmetry algebras in these four dimensional SYM with the holomorphic coupling constant given in hep-th/9408099.
Introduction
Supersymmetric Yang-Mills theories (SYM) in higher dimensions than four [1] have been uncovered to possess their own rich structure of supersymmetric (SUSY) quantum field theories (QFT) in spite of their nature of lack of power counting renormalizability.
In five dimensional case the structure of Coulomb branch at long distance can be determined exactly due to the fact that prepotential can be computed exactly by one-loop [2, 3] . What was interestingly found is that if the number of matter multiplets is small enough, there is no singularity of Landau pole and it becomes possible to take strong coupling limit on smooth moduli space, which leads to an ultra-violet (UV) fixed point with global symmetry enhancement depending on the matter content. This phenomenon has been further studied by using brane construction [4, 5, 6, 7, 8] , a superconformal index [9, 10, 11, 12, 13] and direct state analysis [14, 15, 16] .
Maximally SYM in five dimensions has also attracted a great deal of attention and studied in relation to six dimensional (2,0) superconformal field theory (SCFT) [17, 18] , whose Lagrangian description is unknown. Although it was shown that UV divergence of five dimensional SYM appears at six loops [19] , which indicates necessity of UV completion, BPS sector of the theory is expected to encode information of that of (2,0) SCFT due to its insensitivity to UV. It was shown that five dimensional maximally SYM contains KaluzaKlein modes coming from the sixth direction as states with instanton-particle charge [18, 20, 21] .
Search of a SUSY gauge theory enjoying a non-trivial UV fixed point has also been done in six dimensions [22] . The requirement is gauge anomaly cancellation as is the case in even dimensional QFT. It has been shown that anomaly of matter multiplets can cancel if the number is small enough for SU(2) gauge group. This was further studied in other simple gauge groups [23] . Examples of nontrivial UV fixed points are provided by compactification of string theory with strong coupling (or tensionless) limit [24, 25, 26, 27] . See [28] for other examples of six dimensional gauge theories.
In comparison to these non-trivial developments of higher dimensional SUSY gauge theories this paper performs a basic calculation for an aim to determine supersymmetry algebra (superalgebra) of six dimensional SYM. Lagrangian description allows us to compute six dimensional superalgebra explicitly and dimensional reduction for the six dimensional result enables us to compare the Kaluza-Klein momentum of the sixth direction and instanton-particle charge, which are identified in earlier study. We also recover a basic result of superalgebra of four dimensional N = 2 SYM including a hyper multiplet, which leads to the formula of central charge with the holomorphic coupling constant insightfully chosen in [29] .
The rest of this paper is organized as follows. In §2 we review the method to determine superalgebra by using ten dimensional SYM following [30] . In §3 we compute superalgebra of SYM in six dimensions including contribution of a hyper mutliplet ( §3.2). In particular the N = 2 algebra in six dimensions is determined by dimensional reduction of ten dimensional one. In §4, §5 we determine superalgebras of five and four dimensional SYM, respectively, by dimensional reduction from six or ten dimensions. §6 is devoted to conclusion and discussion. Appendix contains a formula of gamma matrix ( §A) and convention in six dimensions used in this paper ( §B).
Superalgebra in 10d SYM
In this section we review the supersymmetry algebra in ten dimensional supersymmetric Yang-Mills theory [30] using our convention. Results in this section are used to derive similar results of maximally SYM in other dimensions by dimensional reduction later. The fields of SYM in ten dimensions are a gauge field A M (M = 0, 1, · · · , 9)
1 and a MajoranaWeyl fermion (gaugino) λ, whose chirality we choose as positive. We realize the ten dimensional gamma matrices by using six dimensional ones as (3.45) in §3.3, which is useful for dimensional reduction carried out later. We employ matrix notation for spinor indices and T acts only on them. The SYM Lagrangian (density) in ten dimensions is given by
Tr 1 4
where
The action constructed from this Lagrangian is invariant under supersymmetry transformation rule given by
where ǫ is a supersymmetry parameter of Majorana-Weyl fermion satisfyingΓ 10 ǫ = ǫ and C 10ǭ T = −ǫ. The supersymmetry current is obtained as
Tr λ 1 2
Tr − 1 2
where the SUSY current satisfies S P ǫ = ǫS P . To compute the supersymmetry algebra of this theory, we compute variation of the SUSY current under supersymmetry transformation. 1 The gauge field in this paper is anti-hermitian.
The 2nd term is calculated as follows.
in which we used ten dimensional Fierz identity
where ψ, χ are Weyl fermions of the same chirality and we denote the chirality of ψ by (−) ψ . By using the equation of motion of gaugino Γ M D M λ = 0 and a formula
where ψ and χ are Weyl fermion with the same chirality, the above can be simplified as
Summing up these terms we find
where T PM is the stress tensor given by
and we usedλΓ
Under the standard convention of canonical formalism, it can be shown that On the other hand, the canonical momentum of the gauge field is computed as 18) which has a vanishing component for time direction as ordinary Yang-Mills theory. This suggests that there is no kinetic term of the time component of the gauge field in the (offshell) Lagrangian and the system is constrained by saddle point equation thereof, which is given by D M Π M = 0, where M runs the space directions. This requires us to choose a set of dynamical (or canonical) variables to quantize the system. We naturally choose it as the gauge fields of the space directions. Then the canonical commutation relation is
By using this it is not difficult to show that
(2. 19) We stress that the SUSY variation (2.4) is reproduced for the dynamical gauge fields (A M ) and not for the auxiliary one (A 0 ). 3 This argument is consistent with the fact that the SUSY variation of supercurrent derived in (2.12) is an on-shell relation. One may ask that there will be another constraint by fixing gauge symmetry which every Yang-Mills theory possesses, in which case one has to use not the canonical bracket but a Dirac one for (2.19) in order to be consistent with the gauge fixing. This should be the case though we still claim that (2.15) holds for a canonical bracket. The argument is as follows. When one fixes gauge symmetry, the initial supersymmetry transformation is not consistent with the fixed gauge in general. One can modify the SUSY transformation so as to be consistent with the gauge fixing by combining gauge transformation. Then the right-hand side of (2.19) replaced by the Dirac bracket will reproduce the modified SUSY transformation for the gauge fields. This suggests that the modified SUSY transformation for a gauge invariant operator should agree with the initial one because the modification is given by a gauge transformation. Thus one has only to use a canonical bracket and do not need to use a Dirac one in (2.15).
As a result, by using (2.12) and (2.15) , algebra between the supercurrent and supercharge in SYM in ten dimensions (local form of SUSY algebra) is given by
where we define
21)
(2.23) 24) with ε 01···9 = 1. Note that the contributions of fermions are total derivative terms. Especially we obtain supersymmetry algebra in ten dimensional SYM as
where we used
on shell, and we set
(2.26)
Superalgebra in 6d SYM
In this section we compute supersymmetry algebra of six dimensional SYM with eight and sixteen supercharges. We derive results of maximally SYM in six dimensions by dimensional reduction of ten dimensional one obtained in the previous section.
Vector multiplet
First we consider a vector multiplet. This theory has SU(2) ≃ Sp (1) 
where ε 12 = ε 12 = 1, andΓ and C 6 are a chirality matrix and a charge conjugation in six dimensions, respectively, defined bŷ
See AppendixB for more details on our convention in six dimensions. In this convention, the supersymmetric Lagrangian reads
where ǫ A is also a symplectic-Majorana Weyl fermion such thatΓǫ
A . Thus the type of SUSY is (1,0). α is arbitrary parameter and thus one can set to zero as long as one considers only vector multiplet due to the fact that the auxiliary field can be integrated out to be zero. Once one introduces coupling to a hyper multiplet, which is done in the next subsection, α is uniquely determined as α = √ 2. The supersymmetry current of this theory is computed in the same way as in ten dimensions.
where they are determined so as to satisfy ǫ A S A P = S A P ǫ A . Let us compute the SUSY algebra of N = 1 SYM consisting of a vector multiplet.
The 1st term can be calculated as
where we used a Fierz identity
for Weyl fermions ψ, χ with the same chirality. By using
where ψ and χ are Weyl fermions with the same chirality, and
we find
where we also used the equation of motion of gaugino. Collecting these we obtain
Integrating out the auxiliary field gives
where ε 012345 = 1, T P M is the stress tensor on shell given by
A supercharge with Sp(1) index is defined by
In the same argument given in §2, one can show that ∆O = [−iǫ A Q A , O] for a gauge invariant operator O. Then local form of supersymmetry algebra of SYM in six dimensions is determined as
. (3.20) There are several comments. Firstly as in ten dimensional case the contributions of fermions are given by total derivative terms. Secondly the terms in the right-hand side are all conserved, which is consistent with the fact that the SUSY current in the left-hand side is conserved. Especially for J P M , J ′ P M , these are off-shell divergenceless. These anti-symmetric tensors are not distinguishable in the algebra (3.17) . There also exists non-R symmetric tensor J B A P M . Those tensors are so-called brane currents [32] , which describes extended BPS objects in the theory.
One might ask whether total derivative terms of fermions appearing in the superalgebra are truly physical or not, since they may be absorbed by an improvement transformation preserving SUSY. 4 A general study of this was done in four dimensions by using superfield formalism [32] . As a result an improvement transformation keeping SUSY including operators with spin not more than one was determined.
5 And a general supercurrent multiplet called S-multiplet was classified into several irreducible supercurrent multiplets by whether there exists an improvement transformation to kill a submultiplet inside the S-multiplet. To perform this kind of general analysis of supercurrent in the current case, it is important to develop superfield formalism in six dimensions which can determine an improvement transformation including higher spin operators. We leave these problems to future work.
Volume integration of both sides of (3.17) leads to supersymmetry algebra of six dimensional SYM theory as
where we set
A M are brane charges corresponding to the brane currents mentioned above.
Inclusion of a hyper multiplet
In this subsection we determine supersymmetry algebra of six dimensional SYM including a hyper multiplet. Extension to a multiple case is straightforward. A hyper multiplet consists of two complex scalar fields q A , A = 1, 2, and a chiral fermion ψ which has the opposite chirality to that of gaugino to interact therewith:Γψ = −ψ. We consider a case where the hyper multiplet is in the fundamental representation of the gauge group for notational simplicity. Generalization to other representation can be easily done. The supersymmetric Lagrangian of the hyper multiplet is given by
The author would like to thank the referee for raising this question. 5 Existence of an improvement transformation to kill a total derivative term is not sufficient to decide the term as unphysical. To decide so, it also requires fields constructing the term to fall off fast enough at spatial infinity. and the supersymmetry transformation is determined as
The variation of the action of a hyper multiplet under the SUSY transformation is computed as
Thus the supercurrent is given by
Note that S 
and those of the hyper multiplet
We also need to employ another Fierz rearrangement
where ψ, χ are Weyl fermions with different chirality, and a formula
Let us determine supersymmetry algebra in six dimensional SYM theory including a hyper multiplet. As seen from the equations of motion above, it is complicated to determine SUSY algebra including fermionic sector, thus we neglect the fermionic part in this paper, which we leave to future work. The variation of supercurrent under the supersymmetry transformation is computed as follows.
where the stress tensor of the bosonic fields is given by
Note that the quartic terms of the complex scalar fields vanish, which is required from consistency with conservation of the supercurrent in the left hand side of the superalgebra.
As in the previous sections we can show that
Thus we obtain local form of supersymmetry algebra of six dimensional SYM including a hyper multiplet.
Thus supersymmetry algebra in six dimensional SYM including a hyper multiplet is obtained as
In this section we determine supersymmetry algebra of N = 2 SYM by performing dimensional reduction from that of ten dimensional SYM, which was computed in §2. N = 2 SYM in six dimensions is constructed by a pair of vector multiplet and hyper multiplet in the adjoint representation. Thus six dimensional N = 2 SYM Lagrangian is given by addition of the Lagrangians of those multiplets, which were derived in the previous subsections.
Note that the coupling constants of the vector multiplet and the hyper multiplet are the same. Integrating out the auxiliary field results in
In order to determine N = 2 supersymmetry transformation and show that the Lagrangian (3.43) has sixteen maximal supersymmetry, we perform dimensional reduction for the SYM Lagrangian in ten dimensions. We compactify four directions x m+5 , where m = 1, 2, 3, 4. Then X m = −iA m+5 become four real scalar fields in six dimensions. We decompose the SO(1,9) gamma matrices denoted by Γ
where Γ M (M = 0, · · · , 5) are SO(1,5) gamma matrices and γ m are SO(4) gamma matrices, which we realize by a chiral expression
are Pauli matrices andσ 4 = −σ 4 = i. Then the chirality matrix and charge conjugation matrix in ten dimensions are computed aŝ
Therefore the Majorana-Weyl condition (2.1) in ten dimensions reduces to
where A = 1, 2. This means that a ten-dimensional Majorana-Weyl fermion reduces to two sympletic-Majorana Weyl fermions λ A ± in six dimensions. Then ten dimensional N = 1 SYM Lagrangian reduces to
Note that this Lagrangian has manifest SO(4) ≃ SU(2) × SU(2) symmetry. This SO(4) symmetric Lagrangian (3.49) agrees with (3.43) under the following identification.
(3.50)
The N = 2 supersymmetry transformation rule boils down to
where the supersymmetry parameters ǫ
Therefore the type of SUSY is (1,1). Performing dimensional reduction for ten dimensional SUSY current (2.5), we obtain two supersymmetry currents in six dimensions.
The N = 2 supersymmetry algebra in six dimensions is computed by dimensional reduction of that of ten dimensional N = 1 algebra calculated in §2. To simplify the situation, we ignore the contributions of fermions. SUSY charges are
, which is justified by the ten dimensional result. From (2.20) we calculate the local form of SUSY algebra of N = 2 SYM in six dimensions.
56)
where we used the equation of motion of the gauge field
and we set
60)
63)
Note that σ 1234 = 1. This leads to supersymmetry algebra of six dimensional N = 2 SYM.
Superalgebra in 5d SYM
In this section we study supersymmetry algebra of SYM in five dimensions. We derive this by dimensional reduction from higher dimensional SUSY algebra studied in the previous sections.
Vector multiplet
We first consider SYM consisting of one vector multiplet. This theory can be obtained by dimensional reduction of six dimensional theory studied in §3.1. We degenerate the fifth direction and the gauge field of this direction becomes a scalar field in the adjoint representation, A 5 = iϕ, where ϕ takes a real value. We decompose the gamma matrices in six dimensions into five dimensions ones in the following way.
Then the six dimensional chirality matrix and the charge conjugation matrix is computed asΓ 
which is simply the Sp(1)-Majorana condition in five dimensions. From the six dimensional Lagrangian of N = 1 SYM of a vector multiplet given by (3.3) , we obtain that of five dimensional one as
where g 5 is a coupling constant of this theory and D = γ µ D µ . The SUSY transformation rule can also be obtained from six dimensional one given by (3.4).
where ǫ A is a fermionic supersymmetry parameter satisfying −ε AB C 5 ǫ B = ǫ A . α is arbitrary when we consider only a vector multiplet while α = √ 2 when a hyper multiplet is introduced. The supersymmetry current of the Lagrangian (4.4) is computed by dimensional reduction from (3.5).
The supersymmtery algebra of this theory can be computed in the same way. The supersymmetry variation of the SUSY current is computed as follows.
where γ 01234 = −i,
The supercharge is
and SUSY transformation is given by ∆O = [−iǫ A Q A , O], which is already justified from the higher dimensional result. Thus anti-commutation relation of the supercharge and supercurrent is computed as
12)
14)
Note that j ρ is instanton-particle number current. Volume integration of both sides gives SUSY algebra of five dimensional SYM as
P 5 is the Kaluza-Klein momentum arising by circle compactification of six dimensional SYM and Z is the instanton-particle charge. These are different but indistinguishable in the superalgebra.
Inclusion of a hyper multiplet
We can obtain a theory of a hyper multiplet in five dimensions by dimensional reduction for six dimensional theory studied in §3.2. The chiral fermion in six dimensions denoted by ψ 6d reduces to
By using this notation we obtain the Lagrangian of a hyper multiplet from (3.23).
The SUSY transformation is computed from six dimensional one as
Five dimensional SUSY current is computed as
Supersymmetry variation of supercurrent is computed from (3.36) as
26)
, we obtain local supersymmetry algebra of five dimensional SYM including a hyper multiplet.
Thus supersymmetry algebra in SYM in five dimensions is obtained as
where Z, Z µ , Z νλ are given by (4.19), and
0νσλ .
(4.32)
Note that one can add a real mass parameter m for the hyper multiplet by giving a vev to the adjoint scalar field ϕ. Modification of SUSY algebra is done by replacing ϕ → m+ϕ.
5d N = 2 superalgebra
We study SUSY algebra of maximally supersymmetric Yang-Mills theory in five dimensions in this subsection. This was studied in a different notation in [18] . This theory can be obtained by reducing six dimensional N = 2 SYM to five dimensional one. Two Sp(1)-Majorana Weyl fermions in six dimensions denoted by λ A ± in §3.3 reduces to
The six dimensional N = 2 Lagrangian given by (3.49) reduces to
Five dimensional N = 2 transformation rule is obtained from (3.51).
where ǫ 1 , ǫ 2 are fermionic SUSY parameters satisfying ε AB C 5 ǫ
One can rewrite the Lagrangian (4.35) in a SO(5) symmetric form. This can be easily done by dimensional reduction from ten dimensional SYM. Degenerating the five directions x I , where I = 5, 6, 7, 8, 9, we obtain five real scalar fields from the gauge fields of those directions, denoting by X I = −iA I . We decompose the ten dimensional gamma matrices in a way that
where γ µ (µ = 0, · · · , 4) are SO(1,4) gamma matrices, γ I are SO(5) gamma matrices. Then ten dimensional chirality matrix and charge conjugation matrix are computed aŝ
where ω = γ 68 is an Sp(2) invariant matrix. The Majorana-Weyl condition in ten dimensions (2.1) reduces to
where A = 1, 2, 3, 4. In other words, a ten dimensional Majorana-Weyl fermion reduces to an Sp(2)-Majorana fermion in five dimensions. Under this notation the ten dimensional SYM Lagrangian reduces to 
where A, B = 1, 2. The Lagrangian (4.40) agrees with that given by (4.35) under an identification such that
Five dimensional supersymmetry current can be obtained by dimensional reduction from ten dimensional supersymmetry current (2.5).
The N = 2 supersymmetry algebra in five dimensions is also computed by dimensional reduction of that of ten-dimensional supersymmetry algebra, which keeps manifest SO (5) symmetry. We neglect the contributions of fermions for simplicity. From (2.12) we calculate
where ε 12345 = 1,
The supercharge with Sp(2) index is 
Thus supersymmetry algebra is computed as
This result agrees with that in [18] up to the conventions, except the quadratic and quartic terms of the scalar fields. In [18] the quartic term remains as Z i 0 , though it always vanishes in our results, which is required for conservation of supercurrent or supercharge. Another one is the relative coefficients of the term X I D ν X J mismatch between those results. Note that these mismatches do not affect the analysis done in [18] .
Superalgebra in 4d SYM
In this section we investigate superalgebras in four dimensional SYM by performing dimensional reduction for higher dimensional SYM studied in the previous sections. The torus compactification gives four dimensional N = 2 SYM with the kinetic term canonical. Thus strictly speaking our study is not so general as to apply to general N = 2 SYM, which admit exact analysis to turn out to have rich structure of SUSY QFT [33, 29] and are to be obtained by Riemann surface compactification of six dimensional (2,0) SCFT describing an M-five brane [34, 35] . However relying on the Lagrangian description it becomes possible to give an explicit expression for a generic form of N = 2 superalgebra including fermionic contributions. Especially on an instanton or monopole background there exist fermionic zero modes [36, 37, 38, 39, 40] , which can a priori affect the central charge formula in Coulomb branch [41] . Our analysis implies that contribution of such a fermionic zero mode vanishes in the superalgebra. In addition our study provides another method to derive extended supersymmetry algebra in four dimensions, which may be simpler than direct computation in canonical formalism especially for the fermionic part [31] .
N = 2 vector multiplet
First we consider N = 2 SYM consisting of an N = 2 vector multiplet, which can be obtained by six dimensional SYM studied in §3.1. We compactify six dimensional theory in x 4 , x 5 directions. Degeneration of the two tori leads to two real scalar fields from the gauge fields of these direction. We combine them to be a complex scalar field so that
We decompose six dimensional gamma matrices into four dimensional ones by
whereγ = iγ 0123 is a chirality matrix in four dimensions. Then six dimensional chirality matrix and charge conjugation matrix can be computed aŝ
where C 4 = −iγ 03 . Thus six dimensional symplectic-Majorana Weyl fermion constrained by (3.1), which we denote by λ 6d , is decomposed as follows.
By using the last condition above, we can always write the fermionic part of the theory only in terms of λ A + . From (3.3) we obtain the Lagrangian of N = 2 SYM as
where g 4 is a coupling constant of this theory. The N = 2 supersymmetry transformation rule is computed from (3.4). The supersymmetry parameter denoted by ǫ A 6d is subject to similar decomposition to gaugino in (5.4) so that
Eliminating ǫ A − by using the last equation of (5.6) we obtain N = 2 SUSY transformation.
where α is arbitrary when one considers only a vector multiplet though α = √ 2 when we also consider coupling of a hyper multiplet, which is introduced in the next subsection. The supersymmetry current in this theory is computed from (3.5). The result is
(5.8)
From the supercurrent we obtain supercharge in four dimensions
Performing dimensional reduction for (3.36) we obtain local form of supersymmetry algebra of four dimensional SYM.
15)
16) 20) with σ 0123 = −i. Note that in the bosonic terms there exists a brane current which describes one dimensional object (string) as j ρµ . 6 Performing volume integration for both sides, we obtain supersymmetry algebra in four dimensional N = 2 SYM.
This result shows that contributions of fermion zero modes to the superalgebra vanishes. This is because a fermionic zero mode (on an instanton background) is essentially given by a shift generated by SUSY transformation [40] , λ ∼ F µν γ µν ǫ 0 with ǫ 0 a constant spinor, which implies that the zero mode scales as r −2 near the boundary r ∼ ∞. In particular we obtain the famous formula of central charge as
For example, let us consider SYM with SU(2) gauge group in the Coulomb branch.
where a is a complex number. In electrically and magnetically charged background such that n e = 1 g
where f µν = Tr[F µν σ 3 ], one can show that the central charge is computed as
where a D = τ 0 a with the holomorphic coupling
7 This gives the same formula as in [33] .
Inclusion of a hyper multiplet
In this subsection we study four dimensional N = 2 SYM including a hyper multiplet by dimensional reduction. We use the same notation for two complex scalar fields q A . A six dimensional chiral fermion ψ 6d reduces to
Then the Lagrangian of a hyper multiplet reduces to
The SUSY transformation boils down to
The supercurrent is computed from six dimensional one (3.28) . Since the part of a vector multiplet was already computed as (5.8), we have only to compute the part of a hyper multiplet. The result is
Supercharge in four dimensions is given by (5.9). From (3.36) we obtain local supersymmetry algebra of four dimensional SYM including the contribution of a hyper multiplet.
43)
This leads to supersymmetry algebra in four dimensional N = 2 SYM. One can include a complex mass m of a hyper multiplet in this superalgebra by shifting the adjoint scalar field in the vector multiplet in a way that φ →
A is the U(1) flavor current. Thus the formula of central charge (5.28) is changed as
where F = d 3 xJ 0 is the U(1) flavor charge.
8
Let us compute this central charge with SU(2) gauge group in the Coulomb branch. The Kaluza-Klein momentum is computed as
where we used the equation of motion of the gauge field and set
Remark that the hyper multiplet contributes to the Kaluza-Klein momentum so that the electric charge is twice as great as that in pure N = 2 SYM case with the form of central charge fixed. 9 The Dirac quantization condition requires us to redefine the magnetic charge to be half compared to the pure SYM case.
Then Z is computed as
where a D = τ a with τ = 8πi g 2
4
. Finally the central charge is obtained as
which matches the formula given in [29] with the same normalization of the holomorphic coupling τ . This normalization of the holomorphic coupling is important for the N = 2 SU(2) SYM with four flavors to enjoy SL(2, Z) symmetry [29] as well as to obtain the correct moduli space of N = 2 SU(3) SYM with six flavors as the enlarged fundamental region in the upper half complex plain, in which the genuine strong coupling limit exists as Imτ → 0 [42] . 8 In multiple flavor case, this changes as Z =
, where m i is the mass of ith hyper multiplet and F i is the flavor U(1) charge of the ith hyper multiplet. 9 The factor two in (5.54) does not depend on the number of hyper multiplets.
N = 4 superalgebra
In this final subsection we determine superalgebra in N = 4 SYM by dimensional reduction for ten dimensional SYM. By compactifying six directions x 3+m , where m = 1, 2, · · · , 6, the gauge fields of these directions become scalar fields, which we denote by X m = −iA 3+m . Accordingly we decompose the ten-dimensional gamma matrices as
where γ m are SO(6) gamma matrices, respectively. Since N = 4 SYM has SU(4) Rsymmetry, it is convenient to rewrite the SO(6) vector representation by SU(4) antisymmetric representation.
where a, b, c = 1, 2, 3. These satisfy
where A, B, C, D = 1, 2, 3, 4. We do the same thing for X m . γ AB is explicitly realized as
Then the ten-dimensional chirality matrix and charge conjugation matrix are computed aŝ
The SYM Lagrangian in ten dimensions (2.3) reduces to
The supersymmetry transformation rule is
Let us perform dimensional reduction for SUSY current. The result is The N = 4 superalgebra in four dimensions can be computed by dimensional reduction from ten dimension as done in five dimensions. We neglect the contribution of fermions, which is given by total derivative terms and thus vanishes as discussed in the pure N = 2 SYM. The local version of supersymmetry algebra of N = 4 SYM is
Volume integration of both sides leads to supersymmetry algebra in N = 4 SYM.
As an example, let us consider the case of SU (2) gauge group in the Coulomb branch.
Then (5.83) is computed as
with n e , n m given by (5.30),
.
The formula of the central charge with normalization of the holomorphic coupling in N = 4 SYM is the same as pure N = 2 SYM, which is again consistent with the result in [29] .
Discussion
We have determined supersymmetry algebra of SYM of a vector multiplet in six dimensions including the contribution of fermions, which is given by boundary terms. We have extended this calculation to the case including a hyper multiplet. For SUSY algebra of six dimensional maximally SYM we have carried out dimensional reduction for that in ten dimensions. From six dimensional results we have performed dimensional reduction to determine SUSY algebras of five and four dimensional SYM. From six to five the KaluzaKlein momentum arising from torus compactification is different from the instanton-particle charge though they are indistinguishable in the superalgebra. And the Kaluza-Klein momentum corresponds to the electric charge part in the famous formula of central charge. We have derived the whole extended supersymmetry algebra as well as the holomorphic coupling constant introduced in [29] against the four dimensional N = 2 SYM including fundamental hyper multiplets and N = 4 SYM.
Since we started from SYM in six dimensions with the canonical kinetic term in this paper, the theory obtained by dimensional reduction inherited this property. Computing SUSY algebra of general SYM with the non-canonical kinetic term is left to future work, though the general structure of the algebra will remain unchanged. Especially in five and four dimensions a general Lagrangian contains topological terms such as Chern-Simons term and F ∧ F , respectively, which has an extra effect on physics of the theory [43] .
It should be possible to determine BPS states in maximally SYM in six dimensions in Higgs branch. In terms of brane picture, maximally SYM in six dimensions is realized on Dfive branes, and Higgs branch corresponds to separation thereof. Then BPS states on this branch will correspond to supersymmetric brane configuration realized on the separated D-five branes set up. It would be interesting to clarify relations between those BPS states in six dimensional SYM and those in five dimensional maximally SYM in broken phase, which has close relationship with the (2,0) theory describing M-five branes [18] .
We hope to come back to these problems in the future.
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A A formula of gamma matrix
In this appendix, we derive a formula of gamma matrix given in Appendix of [44] . We use notation such that
where S N is the set of permutation of N elements. Denoting C n,m , D n,m by where D is an arbitrary dimension. By using (A.6) and (A.7) one can determine C n,m (and thus D n,m ) inductively. As examples, we determine C n,m when D = 6, 10. The result of D = 6 matches that given in [44] . 
B Convention in six dimensions
In this appendix we collect convention in six dimensions used in this paper. We realize SO (1, 5) whereγ = iγ 0123 is a chirality matrix in four dimensions. This is convenient when we do dimensional reduction from six to four. In both cases, we define the charge conjugation matrix as C 6 = Γ 035 , which satisfies 
Especially taking trace in terms of Sp(1) index gives
